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The newly observed hidden-charm meson Z+c (3900) with quantum numbers J
P = 1+ is considered
as a hadronic molecule composed of D¯D∗. We give detailed predictions for the decay modes Z+c →
J/ψπ+γ and Z+c → J/ψπ
+ℓ+ℓ− (ℓ = e, µ) in a phenomenological Lagrangian approach.
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I. INTRODUCTION
Recently the three experimental collaborations BE-
SIII [1], Belle [2] and CLEO-c [3] reported on the ob-
servation of a new charged resonance Zc(3900) detected
via the decay channel J/ψπ±. This observation of a
charged, hidden charm state embedded in the charmo-
nium spectrum presents clear evidence for an exotic me-
son resonance. Interpretations of this unusual state were
immediately presented, dominantly focusing on either a
compact tetraquark configuration [4–6] or a molecular
state [7–11].
One of the tools in identifying the underlying struc-
ture rests on the study of the decay patterns of the Zc
in addition to the discovery decay mode J/ψπ±. For
example, predictions for the strong two-body transitions
Z+c → H + π+ with H = Ψ(nS), hc(mP ) were already
worked out in the context of a hadronic molecule interpre-
tation [11] (see also extension on bottom sector Zb [12]).
In the present work we extend to the radiative and dilep-
ton decays of the hadronic molecule Z+c (3900) proceeding
as Z+c → J/ψπ+γ and Z+c → J/ψπ+ℓ+ℓ− (ℓ = e, µ). Ra-
diative and dilepton decays can shed light on the compos-
ite structure of the Z+c (3900): decay patterns and decay
widths will depend on the structure assumption such as
a hadronic molecule, a tetraquark configuration or even
a mixed state of these components. Although radiative
decays are suppressed due to the strength of the interac-
tion particular final states such as J/ψπ+γ are relatively
easy to identify experimentally. The analysis is based
on a phenomenological Lagrangian approach [12–14] to-
gether with the compositeness condition [16–18], which is
a powerful tool to formulate hadrons as bound states of
their constituents using methods of quantum field theory.
When treating the Z+c as a hadronic molecule we
assume that this state together with the negative
Zc(3900)
− and the neutral Zc(3900)
0 partners form an
isospin triplet with spin and parity quantum numbers
JP = 1+ [as for example briefly discussed in Ref. [13]].
Therefore the charged hidden-charm meson resonance
Z+c is set up as a superposition of the molecular con-
figurations D¯D∗ as
|Z+c 〉 =
1√
2
∣∣∣D∗+D¯0 + D¯∗0D+〉 . (1)
Note that analogous states in the bottom sector (Z+b and
Z
′+
b ) have also been considered previously Ref. [12].
To evaluate the radiative and dilepton decays of the
molecular state Z+c we proceed in the present paper as
follows. In Sec. II we briefly review the basic ideas of our
approach. We set up the new resonance Z+c as a D¯D
∗
molecular state and specify the relevant interaction La-
grangians for the description of the three- and four-body
decays Z+c → J/ψπ+γ and Z+c → J/ψπ+ℓ+ℓ− (ℓ = e, µ).
In Sec. III we introduce and discuss the kinematics of the
many-body transitions. In Sec. IV we present numerical
results and the discussion.
II. FRAMEWORK
Our approach to the molecular Z+c state is based on
an interaction Lagrangian describing its coupling to the
constituents as
L0ZcDD∗(x) = Z+µc (x)J¯µZc (x) + Z−µc (x)J
µ
Zc
(x) ,
JµZc(x) =
g
Zc√
2
MZc
∫
d4yΦZc(y
2)
× (D+(x+)D¯∗0µ (x−) +D∗+µ (x+)D¯0(x−)) (2)
where x+ ≡ x + w1 y, x− ≡ x − w2 y. Here x is the
center-of-mass coordinate, y is the relative (Jacobi) coor-
dinate of the constituents and w1 = mD/(mD+mD∗) and
w2 = mD∗/(mD +mD∗) are the fractions of the masses
of the constituents. The dimensionless constant g
Zc
de-
scribes the coupling strength of the Z+c to the molec-
ular D¯D∗ components. ΦZc(y
2) is a correlation func-
tion which describes the distribution of the constituent
2mesons in the bound state. A basic requirement for
the choice of an explicit form of the correlation func-
tion ΦZc(y
2) is that its Fourier transform vanishes suffi-
ciently fast in the ultraviolet region of Euclidean space
to render the Feynman diagrams ultraviolet finite. We
adopt a Gaussian form for the correlation function. The
Fourier transform of this vertex function is given by
Φ˜Zc(p
2
E/Λ
2) ≡ exp(−p2E/Λ2), where pE is the Euclidean
Jacobi momentum. Λ is a size parameter characterizing
the distribution of the two constituent mesons in the Z+c
system. For a molecular system where the binding energy
is negligible in comparison with the constituent masses
this size parameter is expected to be smaller than 1 GeV.
From our previous analyses of the strong two-body de-
cays of the X,Y, Z meson resonances and of the Λc(2940)
and Σc(2880) baryon states we deduced a value of maxi-
mally Λ ∼ 1 GeV [19]. For a very loosely bound system
like the X(3872) a size parameter of Λ ∼ 0.5 GeV [15]
is more suitable. Here we choose values for Λ in the
range of 0.5 − 0.75 GeV which reflect a weakly bound
heavy meson system. Once Λ is fixed the coupling con-
stant g
Zc
is then determined by the compositeness con-
dition [11, 14, 18]. It implies that the renormalization
constant of the hadron wave function is set equal to zero
with:
ZZc = 1− Σ′Zc(M2Zc) = 0 . (3)
Σ′Zc is the derivative of the transverse part of the mass
operator ΣµνZc of the molecular states [see Fig. 1], which
is defined as
ΣµνZc (p) =
(
gµν − p
µpν
p2
)
ΣZc(p) +
pµpν
p2
ΣLZc(p) (4)
We would like to stress again, that the size effects of the
constituent D mesons in the Z+c (3900) are taken into
account by the dimensional parameter Λ and the cou-
pling constant gZc . These parameters are constrained by
the compositeness condition (4) — the key condition for
a study of bound states in quantum field theory. It is
equivalent to the normalization of the wave function in
Bethe-Salpeter approaches and to the Ward identity, re-
lating hadronic electromagnetic vertex functions to the
derivative of their mass operators on the mass-shell (see
detailed discussion in Refs. [16–18]).
Z+c (p) Z
+
c (p)
D¯0(k − p/2)
D+(k + p/2)
FIG. 1: Mass operator for the Zc.
An analytical expression for the coupling g
Zc
is given
in Appendix A. In the calculation the mass of the Zc
is expressed in terms of the constituent masses and the
binding energy ǫ (a variable quantity in our calculations):
mZc = mD +mD∗ − ǫ where ǫ is the binding energy. In
order to calculate the three- and four-body decays Z+c →
J/ψπ+γ and Z+c → J/ψπ+ℓ+ℓ− (ℓ = e, µ) we need to
specify additional phenomenological Lagrangians. Their
interaction vertices occur in meson-loop diagrams which
generate the decay modes. For this purpose the lowest-
order Lagrangian L is given by
L(x) = LZc(x) + LZcDD∗(x) + LDD∗J/ψπ(x)
+ LD(x) + LD∗(x) + Lπ(x) + LJ/ψ(x) (5)
where
LV (x) = −1
4
Gµν(x)G
µν (x) − 1
2
M2V Vµ(x)V
µ(x) ,
LS(x) = 1
2
(DµS(x))2 − 1
2
m2SS
2(x) (6)
are the free Lagrangians of the spin-1 mesons V =
Zc, D
∗, J/ψ and spin-0 mesons S = π,D, respectively;
Gµν = ∇µV ν −∇νV µ is the stress tensor of vector/axial
mesons, ∇µ = ∂µ − ieAµ is the covariant derivative in-
cluding the electromagnetic field in case of charged states
and e is the corresponding electric charge of hadron H .
The Lagrangian LZcDD∗(x) is the gauge-invariant exten-
sion of the strong Z+c DD
∗ interaction Lagrangian (2).
It includes photons by gauging with the path integral
I(x, y) =
∫ y
x
Aµdw
µ resulting in
LZcDD∗(x) =
gZc√
2
MZc Z
−µ
c (x)
∫
d4yΦZc(y
2)e−ieI(x+,x)
× (D+(x+)D¯∗0µ (x−) +D∗+µ (x+)D¯0(x−))
+ H.c. (7)
This Lagrangian is manifestly gauge-invariant. As dis-
cussed in detail in Refs. [20]-[25], the presence of the ver-
tex form factor in the interaction Lagrangian [like the
strong-interaction Lagrangian describing the coupling of
Zc to its constituents (Eq. 2)] requires special care in
establishing gauge invariance. One of the possibilities is
provided by a modification of the charged fields which are
multiplied by an exponential containing the electromag-
netic field and the electrical charge e. This procedure was
first suggested in Ref. [26] and applied in Refs. [14, 27–
30]. In doing so the fields of the charged D = D,D∗
mesons are modified as
D+(x+) → e−ieI(x+,x,P )D+(x+) , (8)
which leads to the electromagnetic gauge-invariant La-
grangian (7). The interacting terms up to first order
in Aµ are obtained by expanding LZcDD∗(x) in terms
of I(x+, x). Diagrammatically the first order term gives
rise to a nonlocal vertex with an additional photon line
attached [see Fig. 2].
In the calculation of the three- and four-body decays
Z+c → J/ψπ+γ and Z+c → J/ψπ+ℓ+ℓ− (ℓ = e, µ) we also
3Z+c
D+
D¯0
γ
FIG. 2: Photon attached to the nonlocal vertex.
Z+c
pi+
J/ψ
p1
p2
p q
γ
FIG. 3: Notation for the kinematics of the process
Z+c → J/ψπ
+γ.
Z+c
pi+
e−
e+
J/ψ
p
p1
p2
k4
k3
FIG. 4: Notation for the kinematics of the process
Z+c → J/ψπ
+γ[→ e+e−].
need the four-particle DD∗J/ψπ vertex generated by a
phenomenological Lagrangian proposed in Ref. [11]
LDD∗J/ψπ(x) = −gDD∗J/ψπJµν(x) D¯∗ν(x)∇µπˆ(x)D(x)
+ H.c. (9)
where ∇µ is the covariant derivative. The coupling con-
stant gDD∗J/ψπ is given by
gDD∗J/ψπ =
√
6
2
√
2
gJDDgD∗Dπ
(m2Zc −m2J/ψ)(1 +
m2
J/ψ
2m2Zc
)
, (10)
as defined in Ref. [11]. The numerical value for
gJDDgD∗Dπ/2
√
2 was evaluated in Ref. [11] and is ex-
pressed through gJDDgD∗Dπ/2
√
2 = 47.08. πˆ is the pion
matrix
πˆ = ~π · ~τ =
(
π0 π+
√
2
π−
√
2 −π0
)
(11)
and Jµν = ∂µJν − ∂νJµ is the stress tensor of the J/ψ
state. D = (D+, D0), D∗ = (D∗+, D∗0) are the dou-
blets of pseudoscalar and vector charmed D mesons, re-
spectively. To simplify the calculations we neglect the
transverse part of the vector propagators and of all ver-
tex factors where the vector fields are involved. This is
justified by the fact that the transverse parts only give
a minor contribution to the transition amplitude. For a
better and compact overview the external momenta of
the three- and four-body decays are summarized in Figs.
3 and 4, respectively. To summarize we also indicate the
respective Feynman rules in Appendix B.
The graphs governing the three-body decay Z+c →
J/ψπ+γ are shown in Figs. 5 and 6. The diagrams
are evaluated using the Schwinger representation for the
propagators:
1
m2 − k2 =
∫ ∞
0
dα e−α(m
2−k2) . (12)
The resulting matrix element for the three-body de-
cay Z+c → J/ψπ+γ is gauge invariant as shown in
Appendix C. It can be decomposed into the following
Lorentz structures:
T αβρ =
5∑
i=1
T αβρi =
(
gαβpρ2 − pα2 gβρ
)
F1
+
(
p2 · p1gαβ − pα2 pβ1
)
pρ F235
+
(
(p− p2) · p2gαβ − pα2 pβ
)
pρ1 F4 (13)
where with F1, F235 = F2 + F3 + F5 and F4 we denote
structure integrals collected in Appendix D. Since the
diagrams (2, 3, 5) in Fig. 5 and Fig. 6 have the same
Lorentz structure they can be summed up together.
The matrix element Mαβ for the four-body decay
Z+c → J/ψπ+ℓ+ℓ− can be simply deduced from the ma-
trix element for the three-body decay. We assume that
only the photon contributes through conversion to the
dilepton final state. Hence the matrix element for the
four-body decay factorizes into a three-body part T of
the Z+c → J/ψπ+γ transition and a leptonic part ℓ cor-
responding to the dilepton production γ → ℓ+ℓ−:
Mαβ = − e
2
t
T αβρ ℓρ (14)
where t = (k3 + k4)
2, ℓρ = u¯(k3) γ
ρ v(k4) is the leptonic
current and u¯(k3), v(k4) denote the spinors of the lepton
and antilepton in the final state, respectively.
In the final state we sum over all polarizations. The
polarization sum factorizes into three different parts, one
for the Zc, one for the J/ψ, and one for the photon:
Dα1α2Zc =
3∑
ρ=1
ǫα1ρ (p)ǫ
α2
ρ (p) = −gα1α2 +
pα1pα2
m2Zc
(15)
Dβ1β2J/ψ =
3∑
σ=1
ǫβ1σ (p2)ǫ
β2
σ (p2) = −gβ1β2 +
pβ12 p
β2
2
m2J/ψ
(16)
Dρ1ρ2γ =
2∑
λ=1
ǫρ1λ (q)ǫ
ρ2
λ (q) = −gρ1ρ2 (17)
4J/ψ(p2)
(5a)
Z+c (p)
D¯∗0
D+
pi+(p1)
γ(q)
(1a)
Z+c (p)
D¯∗0
D+
pi+(p1)
γ(q)
J/ψ(p2)
J/ψ(p2)
(3a)
Z+c (p)
D¯∗0
D+
pi+(p1)
γ(q)
(4a)
Z+c (p)
D¯∗0
D+
pi+(p1)
γ(q)
J/ψ(p2)
pi+(p1)
(2a)
J/ψ(p2)
Z+c (p)
D¯∗0
D+
γ(q)
D+
FIG. 5: D¯∗0D+ meson loop diagrams contributing to the
three-body decay Z+c → J/ψπ
+γ.
J/ψ(p2)
(5b)
Z+c (p)
D¯0
D∗+
pi+(p1)
γ(q)
(1b)
Z+c (p)
D¯0
D∗+
pi+(p1)
γ(q)
J/ψ(p2)
J/ψ(p2)
(3b)
Z+c (p)
D¯0
D∗+
pi+(p1)
γ(q)
(4b)
Z+c (p)
D¯0
D∗+
pi+(p1)
γ(q)
J/ψ(p2)
pi+(p1)
(2b)
J/ψ(p2)
Z+c (p)
D¯0
D∗+
γ(q)
D∗+
FIG. 6: D¯0D∗+ meson loop diagrams contributing to the
three-body decay Z+c → J/ψπ
+γ.
where ǫαρ denotes the polarization vector. Using these,
for the spin-averaged square of the Z+c → J/ψπ+γ am-
plitude we write:
∑
pol.
|T |2 = Dρ1ρ2γ Dα1α2Zc D
β1β2
J/ψ Tα1β1ρ1 (Tα2β2ρ2)† . (18)
The leptonic Lρ1ρ2 and hadronic Hρ1ρ2 tensor contribut-
ing to the Z+c → J/ψπ+ℓ+ℓ− decay rate are
Hρ1ρ2 = D
β1β2
Jψ
Dα1α2Zc Tα1β1ρ1 (Tα2β2ρ2)† ,
Lρ1ρ2 =
∑
r,s
u¯(r)(k3)γ
ρ1v(s)(k4)v¯
(s)(k4)γ
ρ2u(r)(k3)
= tr
[
(✁k3 +m)γ
ρ1(✁k4 −m)γρ2
]
= 4
[
kρ13 k
ρ2
4 + k
ρ2
3 k
ρ1
4 − gρ1ρ2(m2ℓ + k3k4)
]
, (19)
where mℓ is the lepton mass. The spin-averaged
square of the amplitude for the four-body decay Z+c →
J/ψπ+ℓ+ℓ− in terms of leptonic and hadronic tensors is
finally written as
∑
pol.
|M|2 = Hρ1ρ2 Lρ1ρ2 . (20)
In the next step the invariant matrix element squared,∑
pol. |M|2, will be expressed in terms of Lorentz scalar
products of the five momenta p1, p2, k3, k4 and p. For the
sake of simplicity we do not display the explicit, compli-
cated result for
∑
pol. |M|2.
III. KINEMATICS
θ
J/ψpi+cms.
ΣJ/ψpi
e+
e−
ξ
dˆcˆ
vˆ
Σl
ΣZc
Z+c
pi+
e+e−cms.
J/ψ
φ
FIG. 7: Choice of kinematical variables in the four-particle
decay Z+c → J/ψπ
+ℓ+ℓ−.
To calculate the decay rates we have to specify two
independent kinematical variables for the three-body de-
cay Z+c → J/ψπ+γ and five independent ones for the
four-body decay Z+c → J/ψπ+ℓ+ℓ−. For the three-body
decay we choose the invariant Mandelstam variables as
s12 = (p1 + p2)
2 ,
s31 = (p1 + q)
2 ,
s32 = (p2 + q)
2 ,
s12 + s31 + s32 = m
2
Zc +m
2
J/ψ +m
2
π + δm
2
γ , (21)
where δm2γ is a cutoff parameter for the phase-space inte-
gration to avoid the infrared bremsstrahlung singularity
for s31 → m2π and s12 → m2Zc [see Sec. IV for further
discussion].
5With these definitions we can express the scalar prod-
ucts between the momenta p1, p2 and q as
p1 · p2 = 1
2
(s12 −m2π −m2J/ψ) ,
p1 · q = 1
2
(s31 −m2π − δm2γ) , (22)
p2 · q = 1
2
(m2Zc +m
2
π − s12 − s31) .
The scalar products between p and one outgoing momen-
tum can be eliminated due to momentum conservation.
Now the phase space region of the three-body decay can
be expressed through the following ranges for the kine-
matical variables [31]:
(mπ + δmγ)
2 ≤ s31 ≤ (mZc −mJ/ψ)2 ,
s−12 ≤ s12 ≤ s+12 , (23)
where
s±12 = m
2
J/ψ +m
2
π
− 1
2s31
[
(s31 −m2Zc +m2J/ψ)(s31 +m2π − δm2γ )
∓ λ1/2(s31,m2Zc ,m2J/ψ)λ1/2(s31,m2π, δm2γ)
]
(24)
and λ(x, y, z) = x2 + y2 + z2 − 2(xy + xz + yz) is the
Ka¨llen triangle kinematical function.
To calculate the scalar products between the momen-
tum vectors p1, p2, k3 and k4 we will consider three ref-
erence frames for the four particle phase space: the rest
frame ΣZc of the Zc meson, the dilepton center-of-mass
frame Σl, and the center-of-mass frame ΣJ/ψπ of the
J/ψ π-pair [see Fig. 7]. For the four-body decay we
choose the kinematical variables suggested in Ref. [32]
and extensively used e.g. in Refs. [33]-[36]:
• s12, the invariant mass squared of the J/ψ π-pair
• s34, the invariant mass squared of the lepton pair
• θ, the angle of the antilepton l+ in Σl with mo-
mentum k3 and with respect to the dilepton line of
flight in ΣZc
• ξ, the angle of the pion π+ in ΣJ/ψπ with momen-
tum p1 and with respect to the dimeson line of flight
in ΣZc
• φ, the angle between the plane formed by the
mesons J/ψ, π in ΣZc and the corresponding plane
formed by the dileptons
It proves to be very helpful to introduce linear combina-
tions of the momenta p, p1, p2, k3 and k4. One of these
momenta can always be eliminated due to momentum
conservation:
K = p1 + p2 , L = p1 − p2 ,
Q = k3 + k4 , R = k3 − k4 .
In order to express the Lorentz scalar products in
terms of the kinematical variables specified above, we
need the following expressions with the general masses
M,m1,m2,m3,m4 (note that these expressions will hold
for any four-body decay with the frames specified in
Fig. 7)
K ·K = s12 ,
Q ·Q = s34 ,
K ·Q = 1
2
(M2 − s12 − s34) ,
K · L = m21 −m22 ,
Q · R = m23 −m24 ,
Q · L = (K · L)
(K ·K) (K ·Q) + xσ12 cos ξ , (25)
K · R = (Q ·R)
(Q ·Q) (K ·Q) + xσ34 cos θ ,
R · L = (Q ·R)
(Q ·Q)xσ12 cos ξ +
(K · L)
(K ·K)xσ34 cos θ
+ (K ·Q)σ12σ34 cos ξ cos θ + (Q · R)
(Q ·Q)
(K · L)
(K ·K) (K ·Q)
−√s12s34σ12σ34 sin ξ sin θ cosφ
σij =
λ1/2(sij ,m
2
i ,m
2
j)
sij
, x =
1
2
λ1/2(M2, s12, s34) .
These relations are obtained by calculating the Lorentz
boosts between the different frames Σl, ΣJ/ψπ and ΣZc
as done in [34]. Now all scalar products between the out-
going momenta occurring in the spin-averaged amplitude∑
pol. |M|2 for the four-body decay can be written as
p1 · p2 = 1
2
(s12 −m21 −m22) ,
k3 · k4 = 1
2
(s34 −m23 −m24) ,
p1 · k3 = 1
4
(Q ·K +Q · L+R ·K +R · L) ,
p2 · k3 = 1
4
(Q ·K −Q · L+R ·K −R · L) , (26)
p1 · k4 = 1
4
(Q ·K +Q · L−R ·K −R · L) ,
p2 · k4 = 1
4
(Q ·K −Q · L−R ·K +R · L) .
The ranges of the variables, which define the limits of the
phase-space integration, are
(m3 +m4)
2 ≤ s34 ≤ (M −m1 −m2)2 ,
(m1 +m2)
2 ≤ s12 ≤ (M −√s34)2 , (27)
0 ≤ θ, ξ ≤ π ,
−π ≤ φ ≤ π .
In our case we setM = mZc , m1 = mπ, m2 = mJ/ψ, and
m3 = m4 = ml. The decay rates can then be written as
6(see, e.g., [31])
Γ3(Z
+
c → J/ψπ+γ) =
1
N3
∫
ds31
∫
ds12
∑
pol.
|T |2 ,
(28)
Γ4(Z
+
c → J/ψπ+ℓ+ℓ−) =
1
N4
∫
ds34
∫
ds12
×
∫
d cos θ d cos ξ dφxsσ12σ34
∑
pol.
|M|2 ,
where N3 = 3× 28π3m3Zc and N4 = 3× 215π6m3Zc .
IV. NUMERICAL RESULTS
With the phenomenological Lagrangians, kinematics
and partial evaluation of the transition amplitudes intro-
duced we now can proceed to determine the widths of
the three- and four-body decays numerically.
A full list of the results for the coupling gZc and the
decay widths is tabulated in Appendix E. Table I con-
tains the values for the coupling gZc . In Tables II-IV we
display the predictions for the three- and four-body de-
cay rates for different values of the binding energy with
ǫ = 0.5MeV to 5MeV and of the cutoff in the vertex
function with Λ = 500MeV to 800MeV. A substantial
increase of the size parameter Λ, more suitable for a com-
pact bound state, would lead to a sizable increase in the
decay rates. Therefore, if experiment will deliver larger
values for the decay rates than predicted in our approach,
this could signal that the Z+c is probably not a molecular
state.
Let us first discuss the Dalitz plot d2Γ/ds12ds31 for the
three-body transition Z+c → J/ψπ+γ. The contour plot
in Fig. 8 shows an infrared bremsstrahlung singularity for
the limits s31 → m2π and s12 → m2Zc . For these values
of s31 and s12 the bremsstrahlung diagrams 4a, 4b, 5a
and 5b in Figs. 5 and 6 will generate a divergence in the
double differential decay rate d2Γ/ds12ds31.
A measurement of the partial or differential decay rate
depends on the minimum photon energy detectable in
the experimental facility. Hence, both in experiment and
in theory, it is only possible to determine the partial or
differential decay rate as a function of an energy cut δmγ .
To handle the bremsstrahlung singularity for s31 → m2π
and s12 → m2Zc we will use an energy cut at δmγ =
150MeV which holds for most facilities. When we apply
the energy cut to the Dalitz plot in Fig. 8 we obtain Fig. 9
which has no bremsstrahlung singularity any more. In
Fig. 10 we show the partial decay rate for the three-body
transition Z+c → J/ψπ+γ as a function of δmγ . In Fig. 11
we give the differential decay rate dΓ3/ds31 which has
been evaluated from d2Γ3/ds12ds31 by integration over
s12 for an energy cut at δmγ = 150MeV.
In Fig. 12 we demonstrate the sensitivity of the decay
rate Γ3 on variations of the free parameters ǫ and Λ for
an energy cut at δmγ = 150MeV. We note that the
dependence is rather flat, the decay rate does not change
significantly under the considered variations of ǫ and Λ.
To avoid the bremsstrahlung singularity for s31 → m2π
and s12 → m2Zc , another physics possibility is available:
a lepton-antilepton pair can be attached to the photon
line as described in Sec. II. Although the phase-space
treatment for the four-body decays Z+c → J/ψπ+e+e−
and Z+c → J/ψπ+µ+µ− gets more complicated, now an
energy cut δmγ is not needed, the differential decay rates
do not diverge. For the typical values of ǫ = 3MeV and
Λ = 650MeV we obtain the Dalitz plots d2Γ4/ds12ds34
depicted in Figs. 13 and 14 for the four-body decays
Z+c → J/ψπ+e+e− and Z+c → J/ψπ+µ+µ−.
The differential decay rates dΓ4/ds34, which have been
evaluated from d2Γ4/ds12ds34 by integration over s12, are
displayed in Figs. 15 and 16. We demonstrate the sen-
sitivity of the decay rates Γ4 on variations of the free
parameters ǫ and Λ in Figs. 17 and 18. Here again, the
FIG. 8: Double differential decay rate d2Γ3/ds12ds31 in
GeV−3 for the three-body decay Z+c → J/ψπ
+γ (ǫ = 3MeV
and Λ = 650MeV).
FIG. 9: Double differential decay rate d2Γ3/ds12ds31 in
GeV−3 for the three-body decay Z+c → J/ψπ
+γ (ǫ = 3MeV
and Λ = 650MeV). The contour is nearly the same as in
Fig. 8 except for s31 → m
2
pi and s12 → m
2
Zc
where the
bremsstrahlung singularity is located. This area is now ex-
cluded with an energy cut at δmγ = 150MeV.
7decay rates do not change significantly under variations
of ǫ and Λ.
V. SUMMARY
We have discussed the three- and four-body decays
Z+c → J/ψπ+γ and Z+c → J/ψπ+ℓ+ℓ− of the Z+c (3900)
considered as a hadronic D¯D∗ molecule in a phenomeno-
logical Lagrangian approach. Our approach is manifestly
FIG. 10: Partial decay rate Γ3 in MeV
−1 as a function of
δmγ for selected values of ǫ and Λ for the three-body decay
Z+c → J/ψπ
+γ.
FIG. 11: Differential decay rate dΓ3/ds31 in GeV
−1 for se-
lected values of ǫ and Λ for the three-body decay Z+c →
J/ψπ+γ with δmγ = 150MeV.
FIG. 12: Partial decay rate Γ3 in keV in dependence on ǫ
and Λ for the three-body decay Z+c → J/ψπ
+γ with δmγ =
150MeV.
FIG. 13: Double differential decay rate d2Γ4/ds12ds34 in
GeV−3 for ǫ = 3MeV and Λ = 650MeV for the four-body
decay Z+c → J/ψπ
+e+e−.
FIG. 14: Double differential decay rate d2Γ4/ds12ds34 in
GeV−3 for ǫ = 3MeV and Λ = 650MeV for the four-body
decay Z+c → J/ψπ
+µ+µ−.
Lorentz and gauge invariant and is based on the use of
the compositeness condition. We have only two model
parameters: the binding energy ǫ and Λ, which is related
to the size of the D¯D∗ distribution in the Z+c -meson and,
therefore, controls finite-size effects. The detailed results
given for these decays are typical for a molecular state.
A naive estimate for a compact configuration would cor-
respond to considerably larger values of Λ leading to a
sizable enhancement of these decay rates. But this ef-
fect should be confirmed by an explicit calculation of the
decay modes for a tetraquark interpretation of the Z+c .
To summarize, when interpreting the Z+c as a D¯D
∗
molecule the resulting values for the decay widths are
50-100keV for the transition Z+c → J/ψπ+γ, 4-10keV
for Z+c → J/ψπ+e+e− and 8-16eV for the decay Z+c →
J/ψπ+µ+µ−. The predictions given here can add to the
understanding of the Z+c structure once the decay modes
become accessible experimentally.
To elaborate further on a possible molecular structure
of the Z+c (3900) in future we plan to examine the tran-
sition Z
′+
c → J/ψπ+γ and Z
′+
c → J/ψπ+ℓ+ℓ− for the
8FIG. 15: Differential decay rate dΓ4/ds34 in GeV
−1 for se-
lected values of ǫ and Λ for the four-body decay Z+c →
J/ψπ+e+e−.
FIG. 16: Differential decay rate dΓ4/ds34 in GeV
−1 for se-
lected values of ǫ and Λ for the four-body decay Z+c →
J/ψπ+µ+µ−.
FIG. 17: Partial decay rate Γ4 in keV as a function of ǫ and
Λ for the four-body decay Z+c → J/ψπ
+e+e−.
FIG. 18: Partial decay rate Γ4 in keV as a function of ǫ and
Λ for the four-body decay Z+c → J/ψπ
+µ+µ−.
possible partner state Z
′+
c (3900), which is treated as a
D¯∗D∗ molecule [11]. As another possible continuation of
this work Z+c decays can also be studied in the tetraquark
model [37]. This approach is also based on the composite-
ness condition and was successfully applied to the study
of the X(3872) as a possible tetraquark state. A full
treatment of these observables for various structure in-
terpretations can possibly help to understand the nature
of these unusual meson states.
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Appendix A: Mass operator and coupling constant
The expressions for the coupling constant gZc is
g−2Zc = Σ
′
⊥(m
2
Zc) =
m2Zc
32π2
∫ ∞
0
dxdy
l
a3
(
1 +
1
2m2D∗a
)
× exp
(
m2Zc
l
2a
−m2Dx−m2D∗y
)
, (A1)
where a = 2s+ x+ y, l = sx+ sy + 2xy, s = Λ−2.
The numerical values are given in Table I.
Appendix B: Feynman rules
Since nonlocal gauge theories are not so common, we
will briefly indicate the relevant Feynman rules in this
Appendix. In our calculations we use
Dµν(k) =
i
(
−gµν + kµkν
M2V
)
k2 −M2V
≈ − ig
µν
k2 −M2V
S(k) =
i
k2 −M2S
(B1)
for the vector and scalar propagators, respectively. The
previously discussed arbitrary parameters w1 and w2 are
now constrained to w1 = w2 = 1/2. The vertex factors
can be easily found by calculating the derivative of the
Fourier transformed action of the corresponding diagram
with respect to the fields which are attached to the vertex
iΓn(p1, p2, ..., pn) =
iδnSI [Φ]
δΦ˜1(p1)δΦ˜2(p2)...δΦ˜n(pn)
∣∣∣∣
Φ˜i=0
.(B2)
The relevant vertices are denoted in Fig. 19. One
finds for the vertex factors by dropping the usual factor
9(2π)4δ4(
∑
Pin −
∑
Pout):
(V1): iΓ =
−igZc√
2
mZcΦ(−z1)gαµ
(V2): iΓ =
igZc
2
√
2
mZce (p1 + p2 + q/2)
ρgαµ
×
1∫
0
dtΦ′(−z2t− z1(1− t))
(V3): iΓ = ie [gµν(p1 + p2)
ρ − gµρpν1 − gνρpµ2 ]
≈ ie (p1 + p2)ρgµν
(V4): iΓ = −ie (p1 + p2)ρ
(V5): iΓ = −igDD∗J/ψπ
√
2 (p2 · p1gµβ − pµ2pβ1 )
(V6): iΓ = igDD∗J/ψπ e
√
2 (gµβpρ2 − pµ2gβρ)
where z1 = (p1/2 + p2/2)
2 , z2 = (q/2 + p1/2 + p2/2)
2.
Appendix C: Gauge invariance
In this Appendix we demonstrate that gauge invari-
ance is fulfilled for the transition amplitude of the
three-body decay Z+c → J/ψπ+γ. The D¯0∗D+-meson
loop integrals corresponding to the diagrams in Fig.
5 are given by (we drop the general constant c =
− i16π2 gZc mZc gDD∗J/ψπ e)
iI1a = −
(
gαβpρ2 − pα2 gβρ
) ∫ d4k
π2i
Φ(−k2)S˜(k + p/2)D˜(k − p/2)
iI2a = −
(
p2 · p1gαβ − pα2 pβ1
) ∫ d4k
π2i
Φ(−k2)S˜(k + p/2)S˜(k + p/2− q)D˜(k − p/2)(2k + p− q)ρ
iI3a =
(
p2 · p1gαβ − pα2 pβ1
)∫ 1
0
dt
∫
d4k
π2i
(k + 3/4q)ρΦ′(−(k + q)2t− (k + q/2)2(1 − t))D˜(k − p/2 + q)S˜(k + p/2)
iI4a = −
(
(p− p2) · p2gαβ − pα2 (p− p2)β
)
(2p1 + q)
ρ
∫
d4k
π2i
Φ(−k2)S˜(k + p/2)D˜(k − p/2)S˜π(p− p2)
iI5a = −
(
p2 · p1gαβ − pα2 pβ1
)
(2p− q)ρ
∫
d4k
π2i
Φ(−k2)S˜(k + p/2− q/2)D˜(k − p/2 + q/2)D˜Zc(p− q)
where k is the loop momentum and
S˜π(k) =
1
m2π − k2
, D˜Zc(k) =
1
m2Zc − k2
,
S˜(k) =
1
m2D − k2
, D˜(k) =
1
m2D∗ − k2
,
are the propagators of the scalar and vector fields, respec-
tively. As was already mentioned, the transverse parts of
the vector propagators are neglected.
To test for gauge invariance every loop diagram is con-
tracted with the photon momentum q. In the following it
will be helpful to establish the following relations by tak-
ing advantage of momentum conservation p = p1+p2+q:
q · (2k + p− q) = (k + p/2)2 − (k + p/2− q)2 (C1)
= S˜−1(k + p/2− q)
−S˜−1(k + p/2) (C2)
q · (2p1 + q) = −S˜−1π (p− p2) (C3)
q · (2p− q) = D˜−1Zc (p1 + p2). (C4)
Multiplying diagram iI1a with q we get
qiI1a = −
(
gαβq · p2 − pα2 qβ
)
∫
d4k
π2i
Φ(−k2)S˜(k + p/2)D˜(k − p/2). (C5)
For the contraction of iI2a with q and using (C2) we
obtain
qiI2a = −
(
p2 · p1gαβ − pα2 pβ1
) ∫ d4k
π2i
Φ(−k2)
D˜(k − p/2)
[
S˜(k + p/2)− S˜(k + p/2− q)
]
. (C6)
Diagram iI3a multiplied with q reads as
qiI3a =
(
p2 · p1gαβ − pα2 pβ1
) ∫ d4k
π2i
Φ(−k2)
×
[
D˜(k − p/2 + q/2)S˜(k + p/2− q/2)
− D˜(k − p/2)S˜(k + p/2− q)
]
(C7)
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γ(q)
(V 2)
D¯0
D+
p2
p1
Z+c (p)
(V 1)
Z+c (p)
D¯0
D+
p2
p1
(V 6)
J/ψ
pi+
p2
p1
D+
D¯0
γ
(V 3)
γ
p1 p2D∗+ D∗+
(V 4)
γ
p1 p2D+ D+
(V 5)
J/ψ
pi+
p2
p1
D+
D¯0
FIG. 19: Vertices contributing to the three-body decay Z+c →
J/ψπ+γ.
where we have used
∫ 1
0
dt q · (k + 3/4q)Φ′(−(k + q)2t− (k + q/2)2(1 − t))
= −Φ(−(k + q)2) + Φ(−(k + q/2)2) .
Furthermore we have shifted the first term of the integral
containing the latter expression by k → k − q and the
second term by k → k−q/2. When multiplying iI4a with
q we obtain with the help of (C3) and using momentum
conservation
qiI4a =
(
(p1 + q) · p2gαβ − pα2 (p1 + q)β
)
∫
d4k
π2i
Φ(−k2)S˜(k + p/2)D˜(k − p/2). (C8)
We get the last expression with (C4) and by multiplying
iI5a with q
qiI5a = −
(
p2 · p1gαβ − pα2 pβ1
) ∫ d4k
π2i
Φ(−k2)
S˜(k + p/2− q/2)D˜(k − p/2 + q/2). (C9)
Now it is easy to show that the expressions (C5) to (C9)
cancel
q (iI1a + iI2a + iI3a + iI4a + iI5a) = 0. (C10)
Thus gauge invariance for the D¯0∗D+-meson loop inte-
grals of Fig. 5 is shown. The proof of gauge invariance
for the D¯0D∗+ loop diagrams of Fig. 6 proceeds exactly
the same way as for the previous case of the D¯0∗D+-
meson loop integrals by inserting the replacements
S˜(k)↔ D˜(k).
Appendix D: Structure integrals
In this Appendix the structure integrals F1, F235 ≡
F2 + F3 + F5 and F4 are explicitly listed.
We define c ≡ igZcmZc gDD∗J/ψπ e/(16π2), s ≡ Λ−2 and
Q ≡ q for the three-body decay Z+c → J/ψπ+γ and
Q ≡ k3 + k4 for the four-body decay Z+c → J/ψπ+l+l−.
iF1 = 2c
∫ ∞
0
dxdy
e−r
2
1/a1−M
2
1
a21
r1 = p(s/2 + y)
a1 = s+ x+ y
M21 = −m2Zc(s/4 + y) +m2Dy +m2D∗x
iF2 = c
∫ ∞
0
dxdydz
s+ 2z
a32
e−r
2
2/a2
×
(
e−M
2
2a + e−M
2
2b
)
r2 = p(s/2 + z) +Qy
a2 = s+ x+ y + z
M22a = −m2Zc(s/4 + z) +m2D(x + y)
+m2D∗z −Q2 y
M22b = −m2Zc(s/4 + z) +m2D∗(x+ y)
+m2Dz −Q2 y
11
iF3 = −c
∫ ∞
0
dxdy
∫ 1
0
dt
s(x− y)
2a33
e−r
2
3/a3
×
(
e−M
2
3a + e−M
2
3b
)
r3 =
1
4
Q (s(2t− 1)− 3x+ y) + 1
2
p(x− y)
a3 = s+ x+ y
M23a = (4p ·Q(3x+ y)−Q2(s+ 9x+ y) +
4(4m2Dx+ 4m
2
D∗y − p2(x + y)))/16
M23b = (4p ·Q(3x+ y)−Q2(s+ 9x+ y) +
4(4m2D∗x+ 4m
2
Dy − p2(x + y)))/16
iF4 = 4c
∫ ∞
0
dxdy
e−r
2
4/a4−M
2
4
a24
× 1
m2π − (p1 +Q)2
r4 = p(s/2 + y)
a4 = s+ x+ y
M24 = −m2Zc(s/4 + y) +m2Dy +m2D∗x
iF5 = 4c
∫ ∞
0
dxdy
e−r
2
5/a5−M
2
5
a25
× 1
m2Z − (p1 + p2)2
r5 = p(s/2 + x) +Q(s/2 + y)
a5 = s+ x+ y
M25 = −m2Zc(s/4 + x) +m2D∗x+m2Dy
−p ·Qs/2−Q2 (s/4 + y)
12
Appendix E: Numerical values
We summarize the numerical results for the coupling constant gZc and the decay rates Γ3, Γ4 of the three- and
four-body transitions.
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TABLE I: Numerical values for the dimensionless phenomenological coupling constant gZc as a function of ǫ (column 1) and Λ
(row 1).
ǫ\Λ [MeV] 500 550 600 650 700 750 800
0.5 6.23 5.95 5.71 5.52 5.35 5.21 5.09
1.0 6.36 6.07 5.83 5.62 5.45 5.31 5.18
1.5 6.49 6.19 5.94 5.73 5.55 5.40 5.27
2.0 6.62 6.31 6.05 5.83 5.65 5.49 5.36
2.5 6.75 6.43 6.16 5.93 5.74 5.58 5.44
3.0 6.88 6.54 6.27 6.03 5.84 5.67 5.53
3.5 7.01 6.66 6.37 6.13 5.93 5.76 5.61
4.0 7.13 6.77 6.48 6.23 6.03 5.85 5.70
4.5 7.26 6.89 6.58 6.33 6.12 5.94 5.78
5.0 7.38 7.00 6.69 6.43 6.21 6.02 5.86
TABLE II: Numerical values for the decay rate Γ3 in keV for the transition Z
+
c → J/ψπ
+γ for δmγ = 150MeV as a function
of ǫ (column 1) and Λ (row 1).
ǫ\Λ [MeV] 500 550 600 650 700 750 800
0.5 61.1 67.4 73.9 80.5 87.5 94.7 101.9
1.0 58.1 64.2 70.8 77.5 84.5 91.7 99.2
1.5 56.1 62.5 69.0 75.7 82.9 90.2 97.7
2.0 54.9 61.3 67.9 74.8 81.8 89.3 96.8
2.5 54.0 60.4 67.1 74.1 81.2 88.6 96.3
3.0 53.3 59.8 66.5 73.6 80.8 88.3 96.1
3.5 52.8 59.3 66.2 73.3 80.6 88.3 96.0
4.0 52.4 59.1 65.9 73.1 80.6 88.1 96.1
4.5 52.1 58.8 65.8 73.0 80.5 88.3 96.3
5.0 51.9 58.7 65.7 73.0 80.6 88.4 96.5
TABLE III: Numerical values for the decay rate Γ4 in keV for the transition Z
+
c → J/ψπ
+e+e− as a function of ǫ (column 1)
and Λ (row 1).
ǫ\Λ [MeV] 500 550 600 650 700 750 800
0.5 5.770 6.440 7.070 7.239 7.620 8.575 9.230
1.0 4.802 5.118 5.725 6.079 6.664 7.149 7.597
1.5 4.308 4.704 5.208 5.678 6.332 6.853 7.207
2.0 4.123 4.531 4.970 5.484 5.995 6.536 6.999
2.5 3.933 4.418 4.911 5.303 5.843 6.331 6.931
3.0 3.826 4.308 4.782 5.321 5.859 6.293 6.885
3.5 3.778 4.253 4.719 5.202 5.774 6.279 6.824
4.0 3.726 4.174 4.673 5.174 5.704 6.246 6.812
4.5 3.690 4.150 4.636 5.142 5.703 6.265 6.804
5.0 3.661 4.141 4.623 5.151 5.699 6.278 6.854
TABLE IV: Numerical values for the decay rate Γ4 in eV for the transition Z
+
c → J/ψπ
+µ+µ− as a function of ǫ (column 1)
and Λ (row 1).
ǫ\Λ [MeV] 500 550 600 650 700 750 800
0.5 9.593 10.559 11.574 12.621 13.711 14.826 15.986
1.0 9.080 10.064 11.079 12.130 13.216 14.352 15.515
1.5 8.779 9.7613 10.789 11.848 12.951 14.082 15.252
2.0 8.572 9.5626 10.587 11.664 12.775 13.922 15.105
2.5 8.415 9.4161 10.461 11.541 12.656 13.810 15.006
3.0 8.297 9.3083 10.360 11.453 12.584 13.750 14.955
3.5 8.206 9.2270 10.294 11.391 12.528 13.708 14.918
4.0 8.136 9.1672 10.237 11.349 12.493 13.683 14.906
4.5 8.084 9.1159 10.196 11.316 12.478 13.673 14.906
5.0 8.035 9.0827 10.165 11.300 12.466 13.675 14.920
